Establishing long-range quantum correlation is an integral part of several quantum information processing tasks. We consider a process to create quasi long-range quantum discord between the non-interacting end spins of a quantum spin chain, with the end spins weakly coupled to the bulk of the chain. We find that the process is not only capable of creating long-range quantum correlation but the latter remains frozen, when certain weak end-couplings are adiabatically varied, provided they are below certain thresholds. We term this phenomenon as adiabatic freezing of quantum correlation, which is robust to moderate thermal fluctuations. We also find that the energy gap of the system can remain frozen for the adiabatic variations. Moreover, considering the end spins as probes, we show that the freezing length can detect the anisotropy transition in quantum XY spin chains.
I. INTRODUCTION
Quantum correlation [1, 2] is one of the principal characteristics that separates the quantum domain from its classical counterpart. The properties and phenomena that arise from it are neither reproducible nor simulatable in classical systems. The amount of quantum correlation that exists between two subsystems of a pure quantum state is completely captured by entanglement [1] . However, for mixed states, local measurements may reveal nonclassical features, that are present even in nonentangled or separable states [2] . Measures that capture quantum correlations beyond entanglement, such as quantum discord [3] , have been instrumental in investigating several protocols of quantum information and computation [4] [5] [6] , quantum phase transitions [7] , manybody dynamics [8, 9] , quantum biology [10] , and metrology [11, 12] (see [2] , for a review).
Methods to create long-range entanglement have attracted a lot of attention due to their importance in several protocols in quantum information science [13] [14] [15] [16] [17] [18] [19] [20] [21] . Such investigations led to the discovery of processes like entanglement swapping [13] and repeaters [14] , and concepts like localizable entanglement [15] . In the last decade, there have been several instances where quantum correlation measures such as quantum discord are claimed to be important [2, [4] [5] [6] [7] [8] [9] [10] [11] [12] . For example, it provides an interesting perspective on the dynamics of open quantum systems [22] , where entanglement is fragile. In quantum systems subject to noisy environments, for both Markovian and non-Markovian evolution, quantum discord is more robust than entanglement [23] . Further, for certain disspative processes, entanglement is known to vanish in finite evolution times, a phenomena known as entanglement sudden death (ESD) [24] , while quantum discord remains finite. Interestingly, for certain types of quantum states under dephasing, quantum discord exhibits a qualitatively different robustness. It remains frozen for finite evolution times [25, 26] , even though entanglement suffers sudden death. In recent times, a lot of research has been undertaken to charcterize and develop the phenomena of freezing of quantum correlations [ [27] [28] [29] . The increasing importance of quantum discord demands the investigations of procedures to prepare longrange quantum discord in realizable systems. In this paper, we report the freezing of quasi long-range quantum discord between the end spins of an open finite quantum spin chain, when the end spins are weakly coupled to the bulk of the spins. See Fig. 1 . In particular, we find that the long-range quantum discord of the ground state can exhibit non-temporal freezing, while the weak endcouplings are varied. We term the observed freezing of long-range quantum discord as "adiabatic", as the phenomenon is observed while the weak end-couplings are adiabatically varied. Interestingly, the freezing length, i.e., the length of a weak end-coupling for a certain spincomponent over which the quantum correlation is frozen, is commensurate with the value of the end-coupling along another spin-component. No such freezing behavior is observed for the long-range entanglement. Note that in contradistinction to the temporal freezing [25] [26] [27] [28] [29] , the observed freezing phenomenon is characteristic of the quantum system rather than an external environment. Moreover, we find that there exists a complementary relation between the frozen discord value and the weak coupling.
The phenomenon of adiabatic freezing makes the longrange quantum discord a robust resource, against possible local disturbance in certain system parameters, for implementing quantum mechanical protocols between two distantly separated spins of a chain. Further importance of the adiabatic freezing of quantum discord lies in its ability to lend itself for investigation of certain important properties of quantum spin chains. The two endspins can be considered as defects or scattering particles in a spin chain [17, 30] . In an experimental setting, one may consider the two end-spins to be probe sites weakly coupled to a system consisting of an ordered quantum spin chain [17, 20, 21] , where the weak end-couplings can be controlled. The long-range quantum correlation between the probe spins can then be used to identify the nature of interaction in the system. Specifically, we show that the freezing length of long-range quantum discord can be used to define an order parameter that detects the "anisotropy transition" in the system considered. We also investigate the effect, on the observed phenomena, of low temperatures in the system, which is important for potential experimental implementations. We also observe that the energy gap in the considered system undergoes adiabatic freezing.
The paper is arranged as follows. In Sec. II, we discuss the general methodolgy and mathematical tools that is necessary to calculate the quantum correlations. The phenomenon of adiabatic freezing is introduced and discussed in Sec. III. The freezing length is utilized as an order parameter in Sec. IV. Finite-temperature effects are discussed in Sec. V and the adiabatic freezing of energy gap is considered in Sec. VI. We end with a discussion on the ramifications of the results in Sec. VII, where we also analyze the effects of external fields and change in boundary conditions on adiabatic freezing.
II. METHODOLOGY
Let us consider an anistropic XY quantum spin chain containing N spins with a closed end. The Hamiltonian for such a system can be written as
where σ
. κ (> 0) has the unit of energy. J i and K i are the dimensionless interaction strengths. σ i , i = x, y, z, are the Pauli spin matrices. The open-end case is obtained by setting J N and K N equal to zero.
The two-site quantum correlation, between arbitrary sites, in the ground state of the Hamiltonian can be obtained by deriving the two-site reduced density matrix, following the seminal work in [31] . The Hamiltonian given in Eq. (1), can be transformed in terms of spinraising and -lowering operators,â †
The partly-Fermi, partly-Bose operators (â † ) can be transformed to a set of strictly Fermi operators (k † ), using the Jordan-Wigner transformations [32] , such thatk i = exp iπ 
) is a symmetric matrix and
As shown in [31] , any two-site reduced density matrix of the ground state, for arbitrary sites, can be derived in terms of the matrices A and B, by solving the eigenvalue equation,
The two-site reduced density matrix can be obtained from the single-site magnetizations and the two-site correlation functions. The symmetry of the Hamiltonian ensures that the only non-vanishing two-site correlation functions are σ . However, for no external fields, the single-site magnetization also vanishes. Hence, any two-site reduced density matrix, for arbitrary sites i and j, can be written as
and I is the two-qubit identity matrix. In terms of the correlation matrix, G, the correlation functions are given by
Note that T xx and T yy are minors of the determinant of G. For nearest neighbors, the above corelations reduce to
For the end-to-end spin two-site correlation function, (T αα 1,N ), the minor is an N − 1 × N − 1 matrix and the expressions in Eq. (2) can be simplified to obtain the following:
. Since the density matrix depends on the diagonalization of a couple of N × N matrices, A and B, the method can be executed for chains with a large number of spins.
The obtained two-site reduced density matrix is Belldiagonal and hence its quantum discord [3] can be calculated using an analytical optimization [33] . For the Bell-diagonal density matrix, ρ ij , its eigenvalues, e i , can be obtained in terms of the two-site correlation functions as
The quantum mutual information is given by the relation, I(ρ ij ) = i e i log 2 (4e i ). The classical correlation obtained after optimization over measurements on a single-party, is given by C(ρ ij ) = 2 k=1 x k log 2 (2x k ), where 
Similarly, concurrence [34] between any two sites can be analytically derived in terms of the twosite correlation functions and is given by E(ρ ij ) = max 0, 2(|g
III. ADIABATIC FREEZING OF QUANTUM DISCORD UNDER WEAK END-COUPLING
Let us consider an N -spin open quantum spin chain, with nearest neighbor interactions, where the two spins at the edge of the chain (end spins) are weakly coupled to the remaining bulk of N − 2 spins (see Fig. 1 ). The Hamiltonian of such a spin chain, following Eq. (1), can be written as the sum of a Hamiltonian, H bulk , containing the interaction of the central block of spins, and another, H end , containing the end spin interactions, and is given by
The cases for which
will be referred to as "balanced weak-coupling". It is known that for λ 1 → 0 and λ 2 → 0, and when the entire chain is in the ground state, the two end spins in the chain is maximally entangled to each other. Denoting their concurrence by E L , we have E L → 1 in that limit. This gives rise to long-range entanglement, interestingly, in a quantum system with very short-range interaction [16] [17] [18] . In the balanced case, the long-range entanglement decreases strictly monotonically with increasing λ 1 (= λ 2 ), and the rate of decrease increases with the increase in the system size. Also, long-range entanglement exhibits a non-temporal sudden death [9] . Let us now consider the case where the bulk Hamiltonian (H bulk ) represents an ordered, XX-spin chain, such that J i = K i = 1, ∀ i = 2, ..., N − 2, and the coupling strengths at the ends are such that λ 1 , λ 2 < J i . When λ 1 = λ 2 , we refer to it as unbalanced weak coupling. For each non-zero value of λ2, freezing of quantum discord takes place for adiabatic change of λ1, for a length, l f , equal to λ2. The freezing length, l f , increases and the frozen discord value, D f L decreases with increasing λ2. We observe that for λ2 ≈ 0 (black-diamond), the discord decays in a manner similar to the isotropic case λ1 = λ2 (red-continuous). The behavior of entanglement is given in the inset. All quantities are dimensionless, except the quantum discords, which are in bits, and entanglements, which are in ebits. Under such coupling, the behavior of long-range entanglement (E L ) and long-range quantum discord (D L ) are qualitatively different. Specifically, for fixed values of λ 2 and on slowly increasing the parameter λ 1 , from approximately 0 to 1, the long-range quantum discord, i.e., the quantum discord of the two-site reduced density matrix, ρ 1N , of the ground state, freezes, i.e., remains unchanged in value, from λ 1 ≈ 0 to λ 1 = λ 2 , i.e., for the range 0 < λ 1 ≤ λ 2 . The value of the frozen long-range quantum discord (D f L ) is dependent on the fixed coupling strength, λ 2 , and the size of the spin chain, N . However, the freezing length (l f ), i.e., the length on the λ 1 -axis over which the quantum discord remains frozen, is only dependent on λ 2 . As λ 1 is increased beyond λ 2 , i.e., for the range λ 1 > λ 2 , the freezing of quantum discord ceases to exist and it decays exactly similar to the balanced coupling case. Interestingly, the behavior of entanglement does not distinguish the two regimes, namely 0 < λ 1 ≤ λ 2 and λ 1 > λ 2 . In particular, entanglement decays in a similar fashion in both the regimes, though the maximum E L at λ 1 ≈ 0 and the value of λ 1 at the non-temporal ESD (i.e., λ
, both decrease with increasing λ 2 . Figure 2 shows the freezing of longrange quantum discord in an N = 10 spin XX-model for different values of the fixed weak coupling, λ 2 , with the variation of λ 1 . We call such phenomenon as "adiabatic freezing" since it can be observed in the adiabatic evolution obtained by slow variation of the weak coupling λ 1 . We observe that the freezing length is equal to fixed weak coupling, i.e., l f = λ 2 . Interestingly, there exists a complementary behavior between the freezing length l f and the frozen discord value, D f L (cf. [29] ). For λ 1 > λ 2 , the decay of D L is identical to the balanced weak coupling case, λ 1 = λ 2 , which is also equal to the behavior for λ 2 ≈ 0. The inset of Fig. 2 shows the behavior of entanglement for the same parameter regime.
Let us now discuss the adiabatic freezing of quantum discord with increasing N . Figure 3 shows the behavior of quantum discord and entanglement, with respect to the weak coupling parameter λ 1 , for a fixed value of λ 2 (= 0. The results imply that while the freezing length depends on the ratio λ 1 /λ 2 , the value of the frozen quantum discord depends on λ 1 /J or λ 2 /J , where
We will now discuss whether the analysis of two-site correlation functions, T αα   1N , that contribute to the formation of the two-site end-to-end density matrix can shed light on the observed adiabatic freezing of quantum discord. It can be analytically shown that T xx 1N is constant during the adiabatic evolution, i.e., it is solely a function of the fixed weak end coupling, λ 2 . This is also evident from 4 , we clearly observe that entanglement does not show any freezing phenomena. All quantities are dimensionless, except entanglement, which is in ebits.
is constant during the evolution, C(ρ 1N ) freezes for λ 1 > λ 2 , in contrast to I(ρ 1N ) in that range. Hence, the freezing of the long-range D L (ρ 1N ) disappears for λ 1 > λ 2 . As λ 2 → 0, there is no freezing of D L (ρ 1N ), as C(ρ 1N ) is always constant, which in turn is due to the fact that the condition |T The observed behavior of I(ρ 1N ) and C(ρ 1N ) is related to what is observed in the freezing of quantum discord, first observed in dephasing quantum systems [25] , that heralded a substantial amount of research in recent years [26] [27] [28] [29] . However, the freezing of D L (ρ 1N ) observed in the present context is purely a property of the long-range correlations in the spin chains considered and is devoid of any external decoherence. 
IV. DETECTING ANISOTROPY TRANSITION USING FREEZING LENGTH
The adiabatic freezing of D L (ρ 1N ) in spin chains with Hamiltonians of the form given by Eq. (1), can be used to investigate the anisotropy transition present in the bulk Hamiltonian. Let H bulk be an ordered XY spin chain with J i = 1 + γ and K i = 1 − γ, ∀ i = 2, ..., N − 2 with γ being the anisotropy in the bulk Hamiltonian. The end spin coupling is unbalanced, such that λ 1 = λ 2 . We focus on the case when λ 1 , λ 2 ≤ 1, as in other cases the relevant physics under consideration is absent. For γ = 0, we recover the model discussed in the previous section.
Let us now consider the adiabatic freezing of longrange quantum discord in the considered spin chain, with anisotropy in the bulk Hamiltonian, by varying the end couplings. The anisotropy in the bulk, introduces changes in the freezing characteristics of D L (ρ 1N ). The frozen quantum discord value (D f L ) increases with γ upto a certain value of γ, that depends on N , and then decreases. See inset of Fig. 7 . Interestingly, the behavior of freezing length (l f ), under variation of γ, undergoes a transition that can detect the anisotropy transition in the spin system. This allows us to define an anisotropy transition order in terms of the system parameters and the freezing length. This can be seen as follows. We evaluate the freezing length, l f , as λ 1 is varied, for a fixed λ 2 . l f can therefore be seen as a function of λ 2 . The anisotropy transition in the system at γ = 0 driven by the change in the anisotropy parameter, γ, can be detected by using λ 2 − l f as the order parameter. One observes that the order parameter, λ 2 − l f , sharply decreases as the anisotropy parameter is increased beyond a system-sizedependent threshold value (γ N c ). It is observed that as N is increased upto certain values, the critical parameter γ N c → 0. Hence, for large but finite N , transition in λ 2 − l f at γ N c captures the anisotropy transition of the class of quantum spin models described by the Hamiltonian in Eq. 1. Further, the order parameter λ 2 − l f is finite for anisotropic systems and vanishes at γ = 0. The observed transition is shown in Fig. 7 . The order parameter, λ2 −l f is plotted against the anisotropy, γ, with fixed λ2. l f is the freezing length during the variation of DL with λ1. We observe that λ2 −l f vanishes for γ = 0 and is finite otherwise. The sharp decrease of λ2 − l f occurs at γ In an experimental setting, one may consider the end spins to be probe sites at the edge of a quantum spin chain consiting of the bulk spins. The weak end-coupling can be experimentally controlled. Under such conditions, the anisotropy of the bulk spin chain can be detected using the order parameter λ 2 − l f , where the desired quantities can be derived by obtaining the freezing of longrange quantum discord between the two probe spin sites. Hence, the quantity λ 2 − l f can serve as a suitable order parameter in many-body simulations. The advantage of the approach lies in the fact that all performed measurements and tuning of interactions are associated only with the probe spins that weakly interact with the quantum spin chain. The detection of anisotropy transition in the bulk spin chain is acheived without disturbing the bulk system. This provides a definite role for adiabatic freezing of quantum correlations in investigating many-body phenomena.
V. RESPONSE TO THERMAL FLUCTUATIONS
In the previous sections, the phenomena of freezing is observed for the ground state of the quantum spin chain under consideration. For small thermal fluctuations, the system is no longer in the ground state, but a mixed state in equilibrium at some small finite temperature (T ). To obtain the reduced two-site density matrix of the thermal equilibrium state of the quantum spin system, at temperature T , one must find the thermal correlation matrix G ij (β), in a similar fashion to the analytical derivation in Sec. II. Here, β = 1/k B T , where k B is the Boltzmann constant. The correlation matrix can be writen as
where η † k are the spinless fermionic operators that diagonalize the Hamiltonian in Sec. II, thus generating fermionic excitations in the ground states with energy
The twosite reduced density matrix can be obtained in a manner similar to Sec. II, precisely using Eq. (2) . Figure 8 shows the effect of low thermal excitations on freezing of longrange quantum discord. It is immediately seen that the observed freezing is present for low thermal excitations and only vanishes when the temperature crosses a critical value (T N c ). The observation shows that for finite sizes the freezing of long-range quantum discord is robust against thermal fluctuations below a certain critical value of temperature, T c , which decreases linearly with increasing N , as shown in the inset of Fig. 8 . We observe that ∆g increases with λ1, for λ1 < λ2. However, for λ1 ≥ λ2, ∆g is frozen at a fixed value. The behavior of κ∆g, in terms of freezing, is similar to the classical correlation, C (see Fig. 6 ). We observe that the frozen value of ∆g is greater for higher λ2, and it decreases with increasing N . The difference in frozen ∆g for different N , marked in one case with a double-headed arrow, increases with λ2. All quantities plotted are dimensionless.
VI. FREEZING OF ENERGY GAP
Another interesting phenomena that accompanies the freezing of long-range quantum correlation is the behavior of the energy gap in the quantum spin chain. For the system under consideration, the weak end-coupling between the bulk and end spins introduces a finite energy gap, irrespective of whether the bulk spins are XY or XX coupled.
The energy gap in a spin system can be obtained from the excitation energy spectrum or the dispersion relation of the function ∆ k . The energy gap is the value that separates the minimal excitation in the energy spectrum from the ground state. Let us consider the system discussed in Sec. III, where the bulk Hamiltonian (H bulk ) in Eq. (4), represents an ordered XX spin chain, with
The only anisotropy in the system arises from the coupling strengths at the end spins. Solving the Hamiltonian analytically using the methods discussed in Sec. II, one can obtain the excitation spectrum ∆ k . For the balanced case,
, with µ = ±1 being the eigenstate parity [16, 18] . Using numerical simulations, one can show that the minimum value giving rise to finite energy gap (∆ g ) is given by the relation, ∆ g = min[f (λ 1 ), f (λ 2 )], where f (x) is a root of a quartic function in x. One can then show that f (λ 1 ) < f (λ 2 ), for λ 1 < λ 2 , and f (λ 2 ) ≤ f (λ 1 ), for λ 2 ≤ λ 1 . The adiabatic freezing of the energy gap, as λ 1 is varied, is thus evident for λ 2 ≤ λ 1 , as ∆ g is independent of λ 1 in this range.
The variation in ∆ g with the end coupling parameter, λ 1 , for two values of N , and different values of the fixed end coupling, λ 2 , is depicted in Fig. 9 . The energy gap is observed to increase with λ 1 , for λ 1 < λ 2 and is frozen for λ 1 ≥ λ 2 . We observe that the frozen value of ∆ g is greater for higher λ 2 , although the freezing length shows an opposite nature. Moreover, ∆ g decreases with increasing N . The difference in frozen ∆ g for different N , increases with λ 2 . We also systematically investigate the variation of the energy gap for different values of the end couplings, λ 1 and λ 2 (See Fig. 10 ). 
VII. DISCUSSION
The adiabatic freezing of long-range discord can be an important tool to implement and investigate other interesting properties of quantum spin chains. For example, one can consider the effect of finite interaction between the two end spins, thus allowing a closed boundary effect in the dynamics of the spin chain. We have observed that for weak coupling between the end spins, the value of frozen discord can be increased without affecting the freezing length. This is intuitively plausible, as the finite end-to-end coupling encourages greater correlation between the end spins, which is no longer a long-range effect. For high inter-end-spin coupling, the decay of quantum discord, for varying λ 1 (for fixed λ 2 ), vanishes, and the end spins have high short-range entanglement and quantum discord. Alternately, one can also study the effect of applying external magnetic fields in the spin chains, on the adiabatic freezing. Preliminary investigations reveal that the perfect freezing of long-range quantum discord is disturbed by applying an external field. However, the rate of decay of long-range discord, for increasing λ 1 , suffers a sharp change in curvature, which can be quantified to study important properties.
We revealed the phenomenon of freezing of long-range quantum discord in a quantum spin chain with shortrange interactions, when certain system parameters are adiabatically varied. We have also shown that such adiabatic freezing of long-range quantum discord has the ability to detect important cooperative phenomena in quantum spin models, e.g., the anisotropy transition in quantum XY models. The results presented relates an interesting phenomena, viz. freezing of quantum correlations, previously observed in damped quantum systems, to the problem of long-range quantum correlations in closed quantum spin chains. In the process, the work utilizes the freezing of long-range quantum discord between the end spins to investigate relevant physical properties of the bulk spins of a quantum chain, both at zero and finite temperatures, thus serving as an order parameter for detecting transitions in many-body systems and their simulations. The phenomenon can be utilized to detect properties of spin-baths, modelled by interacting spin Hamiltonians, and probed by weakly interacting probe spins at different ends of the bath. Note that the results are also true for one-way quantum work deficit [35] , another information-theoretic measure of quantum correlations, as its value is the same as quantum discord for the quantum systems considered.
The fact that ultracold gas systems can simulate the models described and utilized here, and that they allow for unprecented control of these models, makes them promising setups for examining the phenomena of adiabatic freezing of quantum correlation. Besides this, in recent times, interesting schemes have been proposed to simulate long-range quantum correlations in quantum spin chains, using iron traps [36] and superconducting flux qubits [37] . Such experimental implementations make the results presented in our paper of contemporary relevance.
